Abstract. The multiplicative loops of Jha-Johnson semifields are non-automorphic finite loops whose left and right nuclei are the multiplicative groups of a field extension of their centers. They yield examples of finite loops with non-trivial automorphism group and non-trivial inner mappings. Upper bounds are given for the number of non-isotopic multiplicative loops of order q nm − 1 that are defined using the twisted polynomial ring K[t; σ] and a twisted irreducible polynomial of degree m, when the automorphism σ has order n.
Introduction
For loops the role of automorphisms is not the same as for groups, as inner mappings need not be automorphisms, and almost all finite loops have a trivial automorphism group [14] . One systematic way to find finite loops with a non-trivial automorphism group is to find semifields (i.e., finite unital nonassociative division algebras) with a non-trivial automorphism group, as their multiplicative loops clearly will also have non-trivial automorphisms. The automorphism groups of semifields, however, have not been studied in great detail so far, mostly because it is usually important to understand semifields only up to isotopy. The multiplicative loops and multiplication groups of semifields were considered for instance in [4, 15, 16] .
We look at the multiplicative loops of a family of Jha-Johnson semifields, which include Sandler and Hughes-Kleinfeld semifields as special cases. These multiplicative loops yield examples of finite loops with both non-trivial automorphism groups and non-trivial inner automorphisms, which form non-trivial subgroups of their inner mapping groups.
For their definition, let K = F q n be a finite field, σ an automorphism of K of order n with fixed field F = F q , and R = K[t; σ] a twisted polynomial ring. Given an irreducible monic twisted polynomial f ∈ R = K[t; σ] of degree m ≥ 2 that is not right-invariant (i.e., Rf is not a two-sided ideal), the set of all twisted polynomials in R of degree less than m, together with the usual addition of polynomials, can be equipped with a nonassociative ring structure using right division by f to define the multiplication as g •h = gh mod r f , employing the remainder of dividing by f on the right. The resulting nonassociative unital ring S f , also denoted by K[t; σ]/K[t; σ]f , is a proper semifield over its center F of order q mn and is an example of a JhaJohnson semifield. Its left and middle nucleus is K = F q n and its right nucleus is isomorphic to F q m . In particular, Sandler semifields [19] are obtained by choosing n ≥ m and f (t) = t m − a ∈ K[t; σ] with a ∈ K \ F , and Hughes-Kleinfeld semifields by choosing f (t) = t 2 − a 1 t − a 0 [7] , [12] .
This nonassociative algebra construction was initially introduced in a more general setup by Petit [18] . It was used for the first time for semifields by Wene [21] and then more recently by Lavrauw and Sheekey [13] .
The structure of the paper is as follows: in Section 1, we introduce the basic terminology and the algebras S f . We then determine some subgroups of automorphism groups of the multiplicative loops L f = S f \ {0} of semifields S f in Section 2 by restricting the automorphisms of S f to L f . We give examples of loops of order q mn − 1 with multiplicative subgroups of order m. The inner automorphisms of the loops L f are treated in Section 3 and certain types of Sandler semifields (also called nonassociative cyclic algebras due to the similarity in their construction and behaviour to associative cyclic algebras) are studied in Section 4: their loops have nontrivial automorphism groups containing a cyclic subgroup of order s = (q m − 1)/(q − 1) of inner automorphisms, i.e. middle inner mappings. Upper bounds for the number of isotopic loops obtained as multiplicative loops of Jha-Johnson semifields are briefly considered in Section 5.
Since the multiplication tables of finite loops yield regular Latin squares, all results can be carried over to regular Latin squares if desired.
1. Preliminaries 1.1. Nonassociative algebras. Let F be a field and let A be an F -vector space. A is an algebra over F if there exists an F -bilinear map A × A → A, (x, y) → x · y, denoted by juxtaposition xy, the multiplication of A. We will only consider unital algebras which have a unit element denoted by 1, such that 1x = x1 = x for all x ∈ A.
The associator of A is given by 
is the nucleus of A. Nuc(A) is an associative subalgebra of A containing F 1 and x(yz) = (xy)z whenever one of the elements x, y, z is in Nuc(A). The center of A is C(A) = {x ∈ A | x ∈ Nuc(A) and xy = yx for all y ∈ A}.
An algebra A is called a division algebra if for any a ∈ A, a = 0, the left multiplication with a, L a (x) = ax, and the right multiplication with a, R a (x) = xa, are bijective. If A has finite dimension over F , then A is a division algebra if and only if A has no zero divisors [20, pp. 15, 16] . An element 0 = a ∈ A has a left inverse a l ∈ A, if R a (a l ) = a l a = 1, and a right inverse a r ∈ A, if L a (a r ) = aa r = 1.
A semifield is a finite-dimensional unital division algebra over a finite field. It is called proper if it is not associative.
An automorphism G ∈ Aut F (A) is an inner automorphism if there is an element m ∈ A with left inverse m l such that G(x) = (m l x)m for all x ∈ A. We denote this automorphism by G m . The set of inner automorphisms {G m | m ∈ Nuc(A) invertible} is a subgroup of Aut F (A) [22, Lemma 2, Theorem 3].
Loops.
A loop L is a quasigroup with a unit element, i.e. a set L together with a multiplicative structure · : L × L −→ L such that two of the elements x, y, z ∈ L in x · y = z uniquely determine the third one. The left and right multiplication maps are the bijections L a : x → ax, R a : x → xa on L. The multiplication group Mlt(L) is the permutation group generated by the left and right multiplication maps of L.
We define the middle, left and right inner mappings on L as
The inner mapping T x plays the role of conjugation and measures how commutative the loop is, and the mappings L x,y and R x,y measure deviations from associativity. The inner mapping group is defined as Inn(
The set A × of non-zero elements of any division algebra A is a multiplicative loop. Thus examples of finite loops canonically appear as the multiplicative loops of semifields. The center, left, right and middle nucleus of the multiplicative loop of a semifield (defined analogously as for an algebra) are cyclic groups. If A is a semifield with center F · 1 = F q · 1 and q r elements, then its multiplicative loop has q r − 1 elements and for r ≥ 3, the multiplication group Mlt(A × ) is a transitive subgroup of GL(r, q) [ 
In particular, for q = 2, we get |Mlt(
. . , a (s−1 } where the left principal powers a (n of a are defined as a (1 = a, a (n = a (n−1 a, and right cyclic (or right primitive) if A × = {a, a 2) , a 3) , . . . , a s−1) } where the the right principal powers a n) of a are defined as a 1) = a, a n) = aa n−1) . For instance, the multiplicative loops of semifields of order 16, 27, 32, 125 and 343 are all right cyclic. Semifields of order 81 are left and right cyclic [6] . In general, the structure of the multiplicative loop of a semifield is not known.
1.3. Semifields obtained from skew polynomial rings. Let K be a field and σ an automorphism of K. The twisted polynomial ring R = K[t; σ] is the set of polynomials a 0 + a 1 t + · · · + a n t n with a i ∈ K, where addition is defined term-wise and multiplication by ta = σ(a)t for all a ∈ K [17] . For f = a 0 +a 1 t+· · ·+a m t m with a m = 0 define deg(f ) = m and put deg(
An element f ∈ R is irreducible in R if it is not a unit and it has no proper factors, i.e if there do not exist g, h ∈ R with deg(g), deg(h)
is a left and right principal ideal domain and there is a right division algorithm in R: for all g, f ∈ R, f = 0, there exist unique r, q ∈ R with deg(r) < deg(f ), such that g = qf + r [8] .
Let f ∈ R = K[t; σ] have degree m ≥ 1. Let mod r f denote the remainder of right division by f . Then the additive abelian group
together with the multiplication g • h = gh mod r f is a unital nonassociative algebra (7)]. S f is also denoted by R/Rf if we want to make clear which ring R is involved in the construction. In the following, we denote the multiplication by juxtaposition. Note that when deg(g)deg(h) < m, the multiplication of g and h in S f and hence in L f is the same as the multiplication of g and h in R [18, (10)].
We assume throughout the paper that
has degree m ≥ 2, since if f has degree 1 then S f ∼ = K. We also assume that σ = id.
is a finite field, q = p r for some prime p, σ is an automorphism of K of order n > 1 and thus
i.e. K/F is a cyclic Galois extension of degree n with Gal(K/F ) = σ . The norm N K/F : K × → F × is surjective, and ker(N K/F ) is a cyclic group of order s = (q n − 1)/(q − 1). Then S f is a semifield if and only if f is irreducible, and a proper semifield if and only if f is not right-invariant (i.e., the left ideal Rf generated by f is not two-sided), cf. [18, (2) , p. 13-03, (5), (9)], or [13] . We will hence assume from now on that f is not right-invariant and irreducible. Then S f is a Jha-Johnson semifield. Moreover, each Jha-Johnson semifield is isotopic to some such algebra S f [13, Theorem 16] , so in particular, each multiplicative loop of a Jha-Johnson semifield is isotopic to the multiplicative loop of some algebra S f . Let L f = S f \ {0} denote the multiplicative loop of the proper semifield S f . Then (5)]. Note that the associativity of the powers of t does not imply that S f is a field.
(ii) The powers of t form a multiplicative group in S f if and only if
are of the form f (t) = t m − a, and these polynomials are reducible. Hence all irreducible polynomials in
By [10, Lemma 10], we have
We will focus on those Jha-Johnson semifields which are algebras S f , and apply the results from [2] . We concentrate on the case that n ≥ m − 1. For n < m − 1 similar but weaker results can be obtained.
The automorphisms of the multiplicative loops of S
σ] be irreducible and not right-invariant. Let L f be the multiplicative loop of S f . We obtain the following necessary conditions for a loop automorphism of L f :
Since any automorphism preserves the left nucleus, H(K × ) = K × and so
Comparing the coefficients of t i in (1) and (2) we obtain
for all i ∈ {0, . . . , m − 1} and all z ∈ K × . This implies k i (τ (σ i (z)) − τ (σ(z))) = 0 for all i ∈ {0, . . . , m − 1} and all z ∈ K since σ and τ commute, i.e.
for all i ∈ {0, . . . , m − 1} and all z ∈ K × . Since σ has order n ≥ m − 1, σ i = σ for all i ∈ {0, . . . , m − 1}, i = 1, so (4) implies
A closer look at the proofs of [2, Theorem 4, 5] shows that these can be generalized to obtain the following statement:
is an automorphism of the ring S f if and only if H = H τ,k where τ ∈ Aut(K) and
(ii) Let n < m − 1. For all k ∈ K × satisfying Equation (5) the maps H τ,k from (i) are automorphisms of the ring S f and form a subgroup of Aut(S f ).
is an automorphism of the multiplicative loop L f which extends to an automorphism of the ring S f . For all k ∈ K × satisfying (5) and τ ∈ Aut(K), the automorphisms
is only an automorphism of L f , if τ is additive. So if there are automorphisms of L f not induced by automorphisms of S f , they will not have the form H τ,k .
(ii) Let G be a ring automorphism of
for some τ ∈ Aut(K) and some k ∈ K × ([13, Lemma 1], or cf. [11, p. 75] ). The automorphisms H τ,k of Aut(L f ) with τ ∈ Aut(K) a field automorphism are canonically induced by the automorphisms G of R which satisfy (5): It is straightforward to see that
From
where a i ∈ {0, b i } for all i ∈ {0, . . . , m − 1}, be irreducible and not right-invariant. Then
Then for all τ ∈ Aut(K), the maps H τ,1 are ring automorphisms of S f , and thus Aut(K) is isomorphic to a subgroup of Aut(L f ). (iii) (Remark 2) The powers of t form a multiplicative group of order m in the loop L f which has order q mn − 1.
Example 9. Write K = F p l , so that with K = F q n , q = p r we have l = nr. For r = 0 choose
i.e. Fix(σ) = F p r = F and σ has order n. Let K × = α and m be a prime divisor of p gcd(r,l) − 1 = p r − 1. Then there is some a ∈ K × such that
is a proper semifield if and only if
These a ∈ K × are given by a = α u for any u ∈ Z(p mr Example 10. Suppose K = F 11 2 and σ(x) = x 11 . Then σ has order n = 2. Write K × = α and choose a = α 12 , then for f (t) = t 5 − a,
is a proper semifield over F = F 11 , where the powers of t form a multiplicative group [18, (22) ]. Its multiplicative loop has order 11 10 −1, left and middle nucleus (F 11 2 ) × ·1 and right nucleus isomorphic to
Thus its nucleus is (F 11 ) × · 1 and equals its center. It has a subgroup of order 5 generated by t and is clearly not weak Lagrangian. Its automorphism group contains H σ,1 ∼ = Z/2Z as a subgroup (Proposition 8). It also contains at least 5 automorphisms of the form H id,k by Example 9 (iii). Since the nucleus of L f equals its center, there are no non-trivial inner mappings of L f induced by inner automorphisms of S f and
see the next Section.
Example 11. Let f (t) = t 2 − a 1 t − a 0 ∈ K[t; σ] be irreducible and not rightinvariant. Then S f is a Hughes-Kleinfeld semifield. L f is a loop of order q 2n − 1 with left and middle nucleus
is irreducible if and only if zσ(z) + a 1 z − a 0 = 0 has no solutions in K (e.g. see [18, (17) 
]). If σ has order 2 and a
inner automorphisms which extend to an inner automorphism of S f and thus all are middle inner mappings. They are determined by the q l elements in its nucleus that do not lie in F and are all extensions of id N . In particular, if L f has nucleus K × · 1 then there are exactly
inner automorphisms of L f which extend to an inner automorphism of S f and thus are middle inner mappings. All extend id K × and have the form H id,k for a suitable k ∈ K × .
[3, Proposition 9] yields:
Then there exist at most
These are middle inner mappings on L f .
Proposition 14 and Proposition 13 imply the following estimates for the number of middle inner mappings T c that are inner automorphisms of L f :
, and a cyclic subgroup of middle inner mappings in Inn(L f ) isomorphic to ker(N K/F ).
at least t inner automorphisms extending id N , with
Example 17. As in Example 9, write K = F p l , so that q = p r with l = nr, and for r = 0 choose σ(x) = x p r , i.e. Fix(σ) = F p r = F and σ has order n. Let f (t) = t m −a. By a straightforward calculation (cf. also [1, Section 5]) we obtain immediately:
(ii) If p gcd(rm,l) > p gcd(r,l) , then there exists a non-trivial inner automorphism G c in L f for some (p rm − 1)th root of unity c ∈ K × , which is not a (p r − 1)th root of unity.
(iii) Suppose rm|l. Then K contains a primitive (p rm − 1)th root of unity c and Aut(L f ) has a cyclic subgroup G c of inner automorphisms of order s = (p rm − 1)/(p r − 1).
Nonassociative cyclic algebras
4.1. An algebra S f with f (t) = t m − a ∈ K[t; σ] irreducible, a ∈ K \ F and n ≥ m is called a Sandler semifield [19] . Since (t m−1 t)t = at and t(t m−1 t) = ta = σ(a)t, a Sandler semifield is not (m + 1)th power-associative. For m = n, these algebras are also called nonassociative cyclic (division) algebras of degree m and denoted by (K/F, σ, a), as they can be seen as canonical generalizations of associative cyclic algebras. We have
if and only if σ i (a) = kb for some 0 ≤ i ≤ m − 1 and some k ∈ F × [2, Corollary 34]. If the elements 1, a, a 2 , . . . , a m−1 are linearly independent over F then (K/F, σ, a) is a semifield. In particular, if m is prime then every a ∈ K \ F yields a semifield (K/F, σ, a).
In this section let a ∈ K \ F and f (t) = t m − a ∈ K[t; σ] be irreducible (i.e. a does not lie in any proper subfield of K/F ), σ have order m and
inner automorphisms, all of them extending id K . These are given by the F -automorphisms H id,l for all l ∈ K such that N K/F (l) = 1. The subgroup they generate is cyclic and isomorphic to ker(
In particular, for q = 2,
By Corollary 16 we know that |{T c ∈ Inn(A × ) | T c automorphism}| ≥ s. In other words: 
We obtain an upper bound on the number of non-isomorphic loops arising from the nonassociative cyclic algebras of a fixed degree m from 
non-isomorphic multiplicative loops of order q m 2 − 1 arising from nonassociative cyclic algebras (K/F, σ, a) of degree m.
4.2.
The automorphism groups. In this subsection, we assume that F is a field where m is coprime to the characteristic of F , and that F contains a primitive mth root of unity ω, so that K = F 
The automorphisms in these subgroups extend to automorphisms of S f .
Corollary 23. Let F have characteristic not 2, K/F be a quadratic field extension and S f = (K/F, σ, a) a nonassociative quaternion algebra.
(i) If a = λd for any λ ∈ F × , then Aut(L f ) contains a subgroup isomorphic to the cyclic group Z/(q + 1)Z. All the automorphisms in this subgroup are inner and extend to automorphisms of S f .
(ii) If a = λd for some λ ∈ F × , then Aut(L f ) contains a subgroup isomorphic to the dicyclic group of order 2q + 2 and all its elements extend to automorphisms of S f .
Note that nonassociative quaternion algebras (where m = 2 in Theorem 22) are up to isomorphism the only proper semifields of order q 4 with center F ·1 and nucleus containing the quadratic field extension K of F (embedded into the algebra as K · 1 as usual) [W, Theorem 1] . For the loop L f of a nonassociative quaternion algebra, moreover
Example 24. Let F = F 2 and let K = F 4 , then K = {0, 1, x, 1+x} where x 2 +x+1 = 0. There is up to isomorphism only one nonassociative quaternion algebra which can be constructed using K/F given by (K/F, σ, x) [3, Example 30] . This is up to isomorphism the only proper semifield of order 16 with center F · 1 and nucleus containing K · 1. Its F -automorphism group consists of inner automorphisms and is isomorphic to G x ∼ = Z/3Z. Its multiplicative loop L thus has 15 elements, left, right and middle nucleus F Example 25. Let F = F 3 and K = F 9 , i.e. K = F [x]/(x 2 − 2) = {0, 1, 2, x, 2x, x+1, x+2, 2x+1, 2x+2}. There are exactly two non-isomorphic semifields which are nonassociative quaternion algebras with nucleus K · 1, given by A 1 = (K/F, σ, x) with Aut F (A 1 ) ∼ = Z/4Z and by A 2 = (K/F, σ, x + 1) with Aut F (A 2 ) isomorphic to the group of quaternion units, the smallest dicyclic group Dic 2 (of order 8) [3, Example 32]. These are up to isomorphism the only two proper semifields of order 81 with center F · 1 and nucleus containing K · 1 [W, Theorem 1]. They are listed as cases (X) and (XI) in [5] .
Their multiplicative loops L 1 and L 2 both have order 80, left, middle and right nucleus F The automorphism group of L 1 and the inner mapping group of L 1 contain a subgroup of inner automorphisms which is isomorphic to Z/4Z, while the automorphism group of L 2 contains a subgroup of order 8 isomorphic to the group of quaternion units Dic 2 , all of whose elements can be extended to automorphisms of S f .
is a nonassociative quaternion division algebra with |Aut(L f )| ≥ 12 and
is a nonassociative quaternion division algebra with |Aut(L f )| ≥ 6. The algebras are non-isomorphic [22, Example 13] . Their multiplicative loops have order 5 4 − 1 = 624, left, middle and right nucleus F × 25 · 1 and center F × 5 · 1. Their multiplicative mapping group has 29 016 000 000 elements and their inner mapping group 46 500 000 elements.
Isotopies
Two semifields A and A ′ are isotopic if there are linear bijective maps F, G, H : A −→ A ′ such that for all x, y ∈ A, we have F (x)G(y) = H(xy). The triple (F, G, H) is called an isotopism. Any isotopy of semifields canonically induces an isotopy of the multiplicative loops L and L ′ of A and A ′ .
Note that if f and g are similar irreducible monic polynomials of degree m, i.e. gu ≡ 0 mod f for some 0 = u ∈ R m , then L f and L g are isotopic loops by [13, Theorem 7] . Indeed, Kantor showed that there are less than r log 2 (r) non-isotopic semifields of order r that can be obtained through our construction [9] , so that there are less than r log 2 (r) non-isotopic loops of order r − 1 obtained as their multiplicative loops. By [ that is the multiplicative loop of a Jha-Johnson semifield when q = 2, 4, and at most 2 (respectively 3) loops, when q = 3 (respectively 5). When q = 2 this loop is given by the invertible elements in the nonassociative quaternion algebra in Example 24. When q = 3 (respectively, 5) there are the two non-isomorphic, and hence necessarily also non-isotopic, nonassociative quaternion We conclude by noting that it would be interesting to also obtain lower bounds for the number of isotopy classes of loops arising from this construction.
